Abstract: The well-posedness (existence and uniqueness of solutions) problem and the stabilization problem of switch-driven piecewise affine (PWA) systems with 2 binary switches are addressed. First, under some assumptions, a necessary and sufficient condition for the system to be well-posed is derived. Next, based on this result, an approach to find a dynamic state feedback controller for which the closed loop system is well-posed as well as globally asymptotically stable is proposed.
INTRODUCTION
Hybrid systems with autonomous switching have, as is well-known, various phenomena of solutions such as no solutions, multiple solutions, sliding motions, and Zeno trajectories (e.g. van der Schaft and Schumacher, 2000) . So the well-posedness problem is one of crucial issues for various developments of hybrid systems theory. However, the existing standard theory on this topic (e.g. Filippov, 1988) is not satisfactory even in the simplest class such as PWA systems. Thus the first author, with van der Schaft, has derived a well-posedness condition for bimodal PWA systems (Imura and van der Schaft, 2000) , and more recently has introduced a class of multi-modal hybrid systems, called the class of switch-driven PWA systems, with binary switches changed independently of the state of the other switches, to address the well-posedness problem of the multi-modal case (Imura, 2001) . A sufficient condition for such a system to be well-posed has been derived there in terms of well-posedness of its subsystems of lower complexity "bimodal systems". This paper continues upon Imura (2001) , and limits our concerns to the special case of two binary switches to address the well-posedness and stabilization problems. First, a necessary and sufficient condition of well-posedness in this class of systems is derived by means of a different approach from that developed in Imura (2001) . This condition is surprisingly simple and easily checkable, although the class of the systems is limited. Based on this result, an approach to find a dynamic state feedback controller for which the closed loop system is wellposed as well as asymptotically stable is proposed.
In the sequel, for a matrix M the notation M = [M ij ] expresses that the (i, j)th element of M is denoted by M ij . Similarly for a vector x = [x i ].
SYSTEM DESCRIPTIONS

Definition of switch-driven PWA systems
Consider the system
where
has 4 elements, i.e., 4 modes. So without loss of generality, mode I ∈ I = {1, . . . , 4} is identified with δ ∈ D with the relation of I = δ 1 +2δ 2 +1. We call x the continuous state, and δ (or equivalently I) the discrete state. To analyze theoretically the behavior of solutions of the system (1), we have to at first specify the transition rule that determines the event times (times at which events will take place) and the new discrete state just after an event has taken place. The following is considered as a transition rule of this system. Switch-based transition rule: When violation of at least one subregion (1 − 2δ i )S ix ≥ 0 with respect to x(t) becomes imminent at time T , i.e., there exists an ε > 0 such thatS ix (T ) = 0, (1 − 2δ i )S ix (t) < 0 for all t ∈ (T, T + ε), all the corresponding switches δ i change at T from 0 to 1 (from 1 to 0), whereas the other switches keep the state just before the event.
Under this transition rule, the discrete state may often continue to change at the event time T , not proceeding in time, as long as violation of all the subregions does not occur, and as a result there may exist a finite or infinite transition sequence of the discrete state at some event time T , which is called multiple events. However no multiple solutions exist because the new mode is uniquely determined. We call the phenomenon that infinite transitions of the discrete state occur at a certain time instant, not proceeding in time, the livelock. This rule is based on the presupposition that each switch δ i is changed according to each rule of (1) independently of the state of the other switches. So we refer to the system (1) with this transition rule as the switch-driven PWA system with 2 switches. See Imura (2001) for the details.
Well-posedness and smooth continuation
Let us define the concept of solutions in the switchdriven system Σ u with u = 0, denoted by Σ 0 . A pointt is said to be a right (left)-accumulation point of event times, if there exists a sequence {t i } of event times such that t i < (>)t i+1 and lim i→∞ t i =t < ∞.
f (x(τ ))dτ on [t 0 , t 1 ) for some t 1 > t 0 , where f (x) expresses the righthand side of (1) with u = 0 and x(t 0 ) = x 0 , δ(t) is determined by the switch-based transition rule, and also there is no left-accumulation point of event times on [t 0 , t 1 ), then (I(t), x(t)) is said to be a solution of Σ 0 on [t 0 , t 1 ). In addition, the system Σ 0 is said to be well-posed if for every initial state (δ(t 0 ),
See Imura (2001) for the details of this definition. It is remarked that we do not treat sliding modes in the sense of Filippov as discussed in relay systems.
Let L I be the region assigned to mode I, i.e.,
, we say that smooth continuation is possible from x 0 in L I . We also call a set of all x ∈ L I from which smooth continuation is possible in L I the smooth-continuation set in L I . By definition S I expresses the region where a local right-unique solution exists in mode I. In terms of these sets S I , a well-posedness condition of switch-driven systems with multi-switches has been characterized (Imura, 2001 ). The following is its 2-switches version. It seems difficult to characterize nonexistence of r.-a. points of event times (even an example with r.-a. points, in addition to 4 I=1 S I = R n and no livelock, has not been known so far.) Thus at this stage this is assumed throughout this paper; it is not explicitly expressed hereafter.
The smooth-continuation set is characterized by using the lexicographic inequalities (Imura and van der Schaft, 2000) , which is defined as follows: if the first nonzero element of x ∈ R n is positive (negative), we denote it by x (≺)0. In addition, if x = 0 or x (≺)0, we denote it by x ( )0. Let y (k) be the kth derivative of y =Sx along the systemẋ =Āx, i.e., y
and γ is the observability index of (S,Ā). Thus S expresses all x satisfying y > 0, or y = 0 and y (1) > 0, or · · ·, or y (i) = 0 (i = 0, 1, . . . , γ − 2) and y (γ−1) ≥ 0.
A motivating example
Consider a two-d.o.f. landing system such as the airplane shown in Fig. 1 , wherex 1 ,x 3 are the height of points A, B in the wing from the ground, respectively, andx 2 ,x 4 are its velocity. The variablesx 5 ,x 6 are the floating forces which act on points A, B, respectively, in a vertical direction. Let m be the mass of the body, I the moment of inertia of the body about the center of mass, L the length between points A and B, and l the natural length of the landing gears at points A and B with the spring constant k and the damping coefficient d. We suppose that the control inputs u 1 , u 2 act on the floating forces x 5 , x 6 throughout the first-order system with the time constant 1/λ. Let x e = [x e,i ] and u e be the equilibrium state and input, respectively, which implies that the system is at rest on the ground with 2k(l − x e,1 ) = mg, x e,1 = x e,3 , and u e = 0. The equations of motion of the system are supposed to be given as the form (1), where 
Here we consider the situation in which both landing gears touch the ground as mode 1. The control purpose is to make the system land by state feedback of u 1 , u 2 , i.e., to find a state feedback controller that stabilizes the system atx = x e . Notice that, although such a problem at first sight seems simple, it in fact is quite hard to ensure well-posedness as well as stability of the closed loop system in a rigorous way.
The smooth continuation sets S I in mode I of the system with no inputs are given as follows: Since the control inputs, if applied, appear in only the termξ 13 orξ 23 , they affect if each lexicographic inequality relation in (2) holds with ( )0 or (≺)0; some control inputs thus leads to the relation with 0 or ≺ 0, and as a result may violate 4 I=1 S I = R 6 or the livelock condition. From this point of view, after deriving in the next subsection a form of the switch-driven system, which is convenient in discussing well-posedness, we address the well-posedness problem of the system with no inputs, and then the stabilization problem.
System transformations
In the system Σ u of (1), letB i (i = 1, 2, . . . , m) be the ith column vector ofB,Ḡ jk (j = 1, 2; k = 1, 2, . . . , l j ) be the kth column vector ofḠ j , and F jk (j = 1, 2; k = 1, 2, . . . , l j ) be the kth row vector ofF j . Then we make the following assumptions to specify a form of the system Σ u of (1) 
[A2.4] For every (j, k) such that there exists at least one i ∈ {1, 2} satisfying q ij,k < p i , where q ij,k is the relative degree of (S i ,Ā,Ḡ jk ), i.e., satisfiesS iĀ hḠ jk = 0, h = 0, 1, . . . , q ij,k − 2, and S iĀ q ij,k −1Ḡ jk = 0, the following is satisfied.
.1 guarantees that the origin is an equilibrium of the system with δ = 0. Thus we consider the stabilization at the origin, which is in an interior of the subregion assigned to mode 1. Assumptions A2.3 and A2.4 are at this point crucial for our approach in the sense that they expose some basic structure for developing stabilization of multi-modal, multi-input systems with wellposedness taken into consideration. The notion of the vector relative degree in assumption A2.3 comes from the nonlinear control theory, which plays an important role to discuss the control problem of multi-input multi-output nonlinear systems in an efficient way. Assumption A2.4 implies that the termḠ jkFjkx from which the relative degree toS ix is smaller than that from any control inputs is expressed by some linear combination ofS iĀ j . One can see that the above landing system satisfy all these assumptions.
Under Assumptions A2.1-A2.4, we consider the coordinate transformation given by
of 2 elements taken from {1, 2, · · · , m}, and rank T B = m−2. Notice that there exists aT satisfying the above conditions, which is proven in a similar way to the case of nonlinear systems.
Consider also the following input transformation:
where v = [v 1 v 2 ] T ∈ R 2 and w ∈ R m−2 are the new control inputs, andB ∈ R (n−p)×(m−2) is appropriately given. Notice that by rankW = 2 and the condition onT the input u is uniquely determined by (v, w) .
Then the system is transformed as follows.
Lemma 3. Assume A2.1 to A2.4. Then the system Σ u of (1) can be rewritten by the coordinates and input transformations of (3), (4) aṡ
and the other matrices are appropriately given.
The stabilization problem of the system (1) at x = 0 is thus reduced to that of the system (5), (6) at (ξ, η) = (s, 0), which will be studied below.
WELL-POSEDNESS OF HYBRID SYSTEMS WITH 2-SWITCHES
In this section, we address the well-posedness problem of the system (5) with v i = 0, namely,
F 2,21F2,22
We define the following sets of matrices, which play a crucial role to derive a well-posedness condition. Then we focus on the class of systems (7) satisfying the following conditions.
0∨+
. These are technical assumptions to derive a necessary and sufficient condition for well-posedness in a compact form. However, we can see from Theorem 4.1 in Imura and van der Schaft (2000) that if F 1,12 = 0,Ã 11 +F 1,11 ∈ H p 1 ×p 1 + is necessary for the system (7) to be well-posed in the sense of Imura and van der Schaft (2000) , and ifF 2,21 = 0, so is A 22 +F 2,22 ∈ H
where f s,t is the (s, t)th element ofF k,ii . Now let A I , I ∈ I, be the A-matrix in mode I of the system (7), andS 1 andS 2 bep-dimensional row vectors given by, respectively,
We also define Γ
Then the smooth-continuation sets S I , I ∈ I, in mode I of the system (7) are expressed as follows.
Lemma 5. Assume A3.1 and A3.2. The smoothcontinuation sets S I , I ∈ I, of the system (7) are given by
We further define the following set of matrices. We also make the following assumption: Although the result is applicable to a limited class of the system with two switches, it is very simple and easily checkable. The proof is quite long because we need several lemmas to prove nonexistence of livelock; thus it is omitted due to the limited space. Assumption A3.3 implies that we exclude, for brevity, the singular case in which, e.g., when ξ 11 = ξ 21 = 0, ξ 22 + M 22 ξ 12 ≥ 0 in mode 2 and ξ 12 + N 22 ξ 22 ≥ 0 in mode 3 are the same in Lemma 5.
STABILIZATION WITH WELL-POSEDNESS
This section discusses the stabilization problem of the system Σ u of (1). We first express the subsystem (5) in a compact form. So letÃ
,ik to express the system (5) in terms of mode I as follows:
This allows us to consider the stabilization at the origin (x 1 ,x 2 ) = 0. Note here thatÃ
is i = 0, andF 1 ik = 0 for I = 1. Also consider the following form of dynamic controller.
where 
